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Abstrat
In this paper we prove that if we onsider the standard real met-
ri on simpliial rooted trees then the ategory Tower-Set of inverse
sequenes an be desribed by means of the bounded oarse geome-
try of the naturally assoiated trees. Using this we give a geometri-
al haraterization of Mittag-Leer property in inverse sequenes in
terms of the metrially proper homotopy type of the orresponding
tree and its maximal geodesially omplete subtree. We also obtain
some onsequenes in shape theory. In partiular we desribe some
new representations of shape morphisms related to innite branhes in
trees.
Keywords: Tree, inverse sequene, end spae, 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1 Introdution
It has been proved the eieny of the use of ategory theory and ategori-
al language to study more onrete mathematial strutures. Moreover the
onstrution of funtors between ategories allows us to translate spei
fats in an spei framework to a dierent one. An example of all above
is Algebrai Topology, reated by means of Topology jointly with dierent
funtors to algebrai ategories. Taking one step up on abstration, new
ategories are reated from old ones to produe new useful framework suh
as pro-ategories (inverse systems) with the full subategories of Towers (in-
verse sequenes) or in-ategories (direted systems) with the subategories
of direted sequenes.
∗
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Many developments in mathematis use the abstrat algebrai onstru-
tion of pro-ategory to unify onepts, results and proedures. For exam-
ple, pro-ategories are used to desribe shape theory in order to extend
eiently the algebrai treatment of CW-omplexes or polyhedra to more
general lasses with not so good loal properties. See [6℄, [12℄ and [5℄.
However the above mentioned ategorial, or even pro-ategorial, hain
of onstrutions an have some not so good seondary eets suh as to
onvert the language itself in a new matter to learn.
One of the aims of this paper is to onvert the ategory Tower-Set
into a geometrial language involving trees and Coarse Geometry, giving
so a new relation for Shape Theory. In partiular we relate it to Coarse
Geometry of simpliial R-trees. In fat we do something more going further
in the following Serre's observation, [19℄ pages 18-19: "...We therefore have
an equivalene between pointed trees and inverse systems of sets indexed by
integers ≥ 1". In this phrase Serre was referring to simpliial trees. Our
purpose is to desribe in a geometrial way the abstrat language of pro-
ategories, at least for inverse sequenes and maps between them, using
trees and ertain ontinuous maps between them.
We then prove that if we onsider the standard real metri on simpliial
trees then the ategory of Towers an be desribed by means of a homotopy
relation akin to the bounded Coarse Geometry of the orresponding tree.
See [17℄, [18℄ for anything herein related to Coarse Geometry.
Based on the above equivalene it is natural to ask for desribing results
in one of the ategories in terms of the other. This is the ase of the im-
portant Mittag-Leer property for Towers. The Mittag-Leer property was
onsidered by Grothendiek, [7℄, in the realm of Algebrai Geometry. After
the inverse systems desription of shape theory by Marde²i¢ and Segal in [11℄,
it beame lear soon the relevane of this property in shape theory. In fat
this is a shape property in nature beause it is equivalent in pro-Set to the
notion of movability , see [12℄, introdued by Borsuk. Of speial relevane
is the ase of pro-Group. As one an see in [6℄ Chapter VI, Mittag-Leer
property appears at rst in the study of algebrai properties assoiated to
shape theory. This is beause, in general, information may be lost when
passing from pro-ategories to their limits as it is the ase in shape theory.
However in the presene of Mittag-Leer property all this information is
retained.
Our geometrial haraterization of Mittag-Leer property in inverse
sequenes is given in terms of the metrially proper homotopy type of the
orresponding tree and its maximal geodesially omplete subtree.
We also reinterpret and reprove, from our ontext, some of the basi
properties of inverse sequenes, some of them for inverse sequenes of groups.
In partiular the level morphisms onvert to simpliial maps between trees
and the desription of any morphisms by a level one is nothing more than
an approximation result by simpliial maps. We do this following Marde²i¢
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and Segal text [12℄.
In [13℄ the authors onstruted an isomorphism of ategories involving
real trees and ultrametri spaes. As desribed there, it was mainly related
to a paper due to Hughes [8℄ but also to [15℄. Anyway in [13℄ we didn't treat
anything related to shape theory as did in [15℄.
In this paper, as a onsequene of our onstrution, we are going to
get also some appliations in shape theory. In fat we reover some of the
results obtained in [15℄, related to the onstrution of ultrametris (the main
properties of this type of metris are demonstrated and beautifully exposed
in [16℄) in the sets of shape morphisms, by passing to the end, to innity, in
our onstrution.
So, as a summary, we go further on Serre's observation onverting mor-
phisms between inverse sequenes into non-expansive metrially proper ho-
motopy lasses of non-expansive maps between trees. Thus, we represent the
ategorial framework of inverse sequenes inside the ore of the bounded
Coarse Geometry of trees. As a onsequene we obtain some basi onstru-
tions from [12℄ and [15℄ related to Shape Theory.
Although our main soure of information on Rtrees is Hughes's paper
[8℄, it must be also reommended the lassial book [19℄ of Serre and the
survey [2℄ of Bestvina to go further. Let us say that in [14℄, J. Morgan treats
a generalization of Rtrees alled Λtrees. Moreover, Nonommutative Ge-
ometry is used, by Hughes in [9℄ , to study the loal geometry of ultrametri
spaes and the geometry of trees at innity
A notational onvention is in order. We use Tower-C to denote the
subategory of pro-C whose objets are inverse sequenes.
2 Preliminaries.
In [13℄, we proved an equivalene of ategories between Rtrees and ultramet-
ri spaes whih generalizes lassial results of Freudenthal ends for loally
nite simpliial trees, see [1℄. Some results and most of the language of that
paper will be used here. We inlude in this setion the basi denitions from
[8℄ and [13℄ and we summarize without proofs some results whih are relevant
to this paper.
Denition 2.1. A real tree, or Rtree is a metri spae (T, d) that is
uniquely arwise onneted and ∀x, y ∈ T , the unique ar from x to y, de-
noted [x, y], is isometri to the subinterval [0, d(x, y)] of R.
Denition 2.2. A rooted Rtree, (T, v) is an Rtree (T, d) and a point
v ∈ T alled the root.
Denition 2.3. A rooted Rtree is geodesially omplete if every isometri
embedding f : [0, t] → T, t > 0, with f(0) = v, extends to an isometri
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embedding f˜ : [0,∞)→ T . In that ase we say that [v, f(t)] an be extended
to a geodesi ray.
Denition 2.4. If c is any point of the rooted Rtree (T, v), the subtree of
(T, v) determined by  is:
Tc = {x ∈ T | c ∈ [v, x]}.
Denition 2.5. A map f between two metri spaes X, X ′ is metrially
proper if for any bounded set A in X ′, f−1(A) is bounded in X.
Denition 2.6. If (X, d) is a metri spae and d(x, y) ≤ max{d(x, z), d(z, y)}
for all x, y, z ∈ X, then d is an ultrametri and (X, d) is an ultrametri
spae.
There is a lassial relation between trees and ultrametri spaes. The
funtors between the objets are dened as follows in [8℄.
Denition 2.7. The end spae of a rooted Rtree (T, v) is given by:
end(T, v) = {f : [0,∞)→ T | f(0) = v and f is an isometri embedding }.
For f, g ∈ end(T, v), dene:
de(f, g) =
{
0 if f = g,
e−t0 if f 6= g and t0 = sup{t ≥ 0| f(t) = g(t)}
Remark 2.8. Abusing of the notation, we sometimes identify the element of
the end spae with its image on the tree. This will be usually alled branh.
Also, for non-geodesially omplete Rtrees, we also use branh to all any
rooted non-extendable isometri embedding, making distintion between nite
and innite branhes.
Proposition 2.9. For any point in a rooted Rtree, x ∈ (T, v), there is a
branh F and some t ∈ [0,∞) suh that F (t) = x.
Proposition 2.10. If (T, v) is a rooted Rtree, then (end(T, v), de) is a
omplete ultrametri spae of diameter ≤ 1.




with (α, t) ∼ (β, t′)⇔ t = t′ and α, β ∈ U suh that d(α, β) ≤ e−t.
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Given two points in TU represented by equivalene lasses [x, t], [y, s] with
(x, t), (y, s) ∈ U × [0,∞) dene a metri on TU by:
D([x, t], [y, s]) =
{
|t− s| if x = y,
t+ s− 2min{−ln(d(x, y)), t, s} if x 6= y.
Proposition 2.11. (TU ,D) is a geodesially omplete rooted R-tree.
Some of these tools an be adapted for the more general ase of rooted
Rtrees (not neessarily geodesially omplete) using the fat that for any
rooted Rtree, (T, v), there exists a unique geodesially omplete subtree,
(T∞, v) ⊂ (T, v), that is maximal.
Lemma 2.12. If the metri of (T∞, v) is proper then it is a deformation
retrat of (T, v).
Of ourse in the framework of simpliial trees the subtree is always a
deformation retrat but this is not true, in general, for Rtrees.











Figure 1: The maximal geodesially subtree is not a retrat.
(T, v) has a nite branh, F0, of length 1 (from the root to x), and




The geodesially omplete subtree (T∞, v) is (T, v)\{x}. Clearly, in this
ase (T∞, v), is not a retrat of (T, v).
Proposition 2.14. Let f : (T, v)→ (T ′, w) be a rooted ontinuous and me-
trially proper map, and let M > 0 and N > 0 suh that f−1(B(w,M)) ⊂
B(v,N), then




Denition 2.15. If f, g : X → T are two ontinuous maps from any topo-
logial spae X to a tree T then the shortest path homotopy is a homotopy
H : X × I → T of f to g suh that if jx : [0, d(f(x), g(x))] → [f(x), g(x)]
is the isometri immersion of the subinterval [0, d(f(x), g(x))] ⊂ R into T
whose image is the shortest path between f(x) and g(x), then H(x, t) =
jx(t · d(f(x), g(x))) ∀t ∈ I ∀x ∈ X.
Denition 2.16. Given f, f ′ : (T, v) → (T ′, w) two rooted ontinuous me-
trially proper maps, let H be a ontinuous map H : T × I → T ′ with
H(v, t) = w ∀t ∈ I suh that ∀M > 0,∃N > 0 suh that H−1(B(v,M)) ⊂
B(v,N)× I. Then, H is a rooted metrially proper homotopy of f to f ′ if
H|T×{0} = f and H|T×{1} = f
′
.
Notation: f ≃Mp f
′
if and only if there exists a rooted metrially proper
homotopy of f to f ′.
Notation: We will denote f ≃L f
′
, rooted metrially proper non-
expansive homotopi, if there is a rooted metrially proper homotopy of
f to g whih is non-expansive at eah level.
Notation: We will denote f ≃C f
′
, rooted oarse homotopi, if there is
a rooted metrially proper homotopy of f to g whih is oarse at eah level.
Consider the ategories,
T : Geodesially omplete rooted R-trees and rooted metrially proper
homotopy lasses of rooted ontinuous metrially proper maps.
U : Complete ultrametri spaes of diameter ≤ 1 and uniformly ontinu-
ous maps.
Our main results in [13℄ are the following:
Theorem 2.17. There is an equivalene of ategories between T and U .
Corollary 2.18. There is an equivalene of ategories between U and the
ategory of geodesially omplete rooted R-trees with rooted metrially proper
non-expansive homotopy lasses of rooted metrially proper non-expansive
maps.
Corollary 2.19. There is an equivalene of ategories between U and the
ategory of geodesially omplete rooted R-trees with rooted oarse homotopy
lasses of rooted ontinuous oarse maps.
3 Inverse sequenes
In [19℄, Serre gives a desription of some orrespondene between inverse
sequenes and simpliial trees. Here we extend this relation to some atego-
rial equivalenes, onsidering the usual morphism between inverse sequenes
after [12℄.
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Denition 3.1. An inverse sequene X = (Xn, pn) in the ategory C is an
inverse system in C indexed by the natural numbers.
Let us denote pnm : Xm → Xn the omposition pn ◦ · · · ◦ pm−1.
Denition 3.2. A morphism of inverse sequenes (fn,Φ) : (Xn, pn) →
(Yn, qn) onsists of a funtion Φ : N → N and morphisms fn : XΦ(n) → Yn
in C suh that ∀n′ > n there exists m ≥ n, n′ for whih fn ◦ pΦ(n)m =
qnn′ ◦ fn′ ◦ pΦ(n′)m.
There is an equivalene relation ∼ between morphisms of sequenes. We
say that (fn,Φ) ∼ (gn,Ψ) if every n admits some m ≥ Φ(n),Ψ(n) suh that
fn ◦ pΦ(n)m = gn ◦ pΨ(n)m.
Let Tower-C be the ategory whose objets are inverse sequenes in the
ategory C and whose morphisms are equivalene lasses of morphisms of
sequenes. The partiular ase we are mostly going to treat is Tower-Set,
whose objets are inverse sequenes in Set, the ategory of small sets.
3.1 Inverse sequene of a tree
Let (Γ, v) a rooted simpliial tree. For eah integer n ≥ 0 let Cn be the set
of verties of Γ suh that the distane to the root is n. For eah vertex P
of Cn there is a unique adjaent vertex P
′
distant n − 1 to the root. This
denes a map fn : P → P
′
of Cn to Cn−1 and hene an inverse sequene
C1 ← C2 ← · · · ← Cn ← · · ·
Furthermore, every inverse sequene an be obtained this way.
3.2 Tree of an inverse sequene
Let X = (Xn, pn,N) be an inverse sequene (an inverse system with direted
set N). Consider the union of the Xn and an extra point v the set of verties
of ΓX and the geometri edges are {xn+1, pn(xn+1)} and {x1, v}. Let TX =
real(ΓX) (assume eah edge with length 1), then (TX , v) is a rooted simpliial
tree. We therefore have an equivalene between rooted simpliial trees and
inverse sequenes in Set ategory.
4 Metrially proper maps and morphisms of inverse
sequenes
4.1 Metrially proper maps
Let f : (T, v) → (T ′, w) be a rooted ontinuous metrially proper map. We







Sine f is metrially proper, ∀n ∃tn ∈ N suh that f
−1(B(w,n)) ⊂
B(v, tn) and there is no problem to assume tn > tn−1. Thus by 2.14, ∀c ∈ Ctn
there exists a unique c′ ∈ C ′n suh that f(Tc) ⊂ T
′
c′ . Then let Φf (n) =
tn ∀n ∈ N and fn(c) = c
′





fn ◦ pΦf (n)Φf (n+1) and (fn,Φf ) is a morphism of inverse sequenes.
Another eletion of the tn would indue another morphism (f
′
n,Ψf ). It
is immediate to see that in that ase (f ′n,Ψf ) ∼ (fn,Φf ). Suppose t
′
n =
Ψf (n) ≥ tn = Φf (n), and let d ∈ Ct′n , c ∈ Ctn with c ∈ [v, d] (hene
ptnt′n(d) = c), then there is a unique c
′ ∈ C ′n suh that f(Td) ⊂ f(Tc) ⊂ T
′
c′
and learly fn ◦ ptnt′n = f
′
n. Hene, from a rooted ontinuous metrially
proper map f , we indue a unique lass of morphisms of inverse sequenes
[f ], that is, a unique morphism in Tower-Set.
4.2 Morphisms between inverse sequenes
Any morphism (fn,Φ) : X → Y between two inverse sequenes indues a
rooted ontinuous metrially proper map between the rooted trees (TX , v)
and (TY , w) ofX and Y . To show this, rst we need the following: An innite
branh of (TX , v) is given by a sequene of verties (xn)n∈N with xn ∈ Xn
and suh that pn(xn+1) = xn ∀n. A nite branh is given by a nite sequene
(x1, · · · , xm) suh that pn(xn+1) = xn ∀n < m and xm 6∈ pn(Xm+1). The
branhes are the realization of the graph formed by those verties, the root
v, and the edges between them.
With this idea we an indue from the morphism (fn,Φ) a funtion whih
sends branhes of (TX , v) to branhes of (TY , w).
Given (fn,Φ) : X → Y it is immediate that,
∃t1 > Φ(1),Φ(2) suh that f1 ◦ pΦ(1)t1 = q1 ◦ f2 ◦ pΦ(2)t1 .
∃t2 > t1,Φ(3) suh that f2 ◦ pΦ(2)t2 = q2 ◦ f3 ◦ pΦ(3)t2 .
In general,
∃tk > tk−1,Φ(k+1) suh that fi◦pΦ(i)tk = qik+1◦fk+1◦pΦ(i+1)tk ∀i ≤ k (1)
A sequene (xn)n∈N with pn(xn+1) = xn (whih represents a geodesially
omplete branh in (TX , v)) an be easily sent to (fn(xΦ(n)))n∈N. To see
that this represents a geodesially omplete branh in (TY , w) it sues
to hek that fn(xΦ(n)) = qn(fn+1(xΦ(n+1))) ∀n ∈ N and by denition of
(xn)n∈N and tn, (1), we know that fn(xΦ(n)) = fn ◦pΦ(n)tn(xtn) = qn ◦fn+1 ◦
pΦ(n+1)tn(xtn) = qn(fn+1(xΦ(n+1))).
With the nite branhes we have to be a little more areful. Let (x1, · · · , xm)
be the sequene of verties assoiated to a nite branh (xi = pim(xm)).
Let k0 := max
tk<m
{k}. Then, we an give another sequene in the image tree
(f1(xΦ(1)), · · · , fk0+1(xΦ(k0+1))) whih is part of a branh of (TY , w) sine
tk0 is suh that fi(xΦ(i)) = fi ◦ pΦ(i)n(xn) = qik0+1 ◦ fk0+1 ◦ pΦ(i+1)n(xn) =
qik0+1 ◦ fk0+1(xΦ(k0+1)) ∀i ≤ k0.
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Thus, for every branh F of (TX , v) given by a nite (or innite) sequene
of verties (xi)
m
i=1 (or (xn)n∈N), there is some branh G in (TY , w) whih
ontains the verties (fi(xΦ(i)))
k0+1
i=1 ((fn(xΦ(n)))n∈N), in partiular, if F is
geodesially omplete so is G. Hene, from (fn,Φ) we an indue this way
a funtion f˜ sending branhes of (TX , v) to branhes of (TY , w). Finally, let
fˆ : (TX , v)→ (TY , w) suh that if t ≤ t1 then fˆ(F (t)) = w and if t ∈ [tk, tk+1]
then fˆ(F (t)) = f˜(F )(k − 1 + t−tk
tk+1−tk
) for any branh F of (TX , v). Let us
see that this map is well dened, rooted, ontinuous and metrially proper.
Well dened. Consider a point of the tree with two representatives
F (t) = G(t) and suppose t ∈ [tk, tk+1]. Hene the image will be f˜(F )(k −
1 + t−tk
tk+1−tk
) or f˜(G)(k − 1 + t−tk
tk+1−tk
) but sine F ≡ G on [0, tk], F (i) =
G(i) ∀i ≤ tk. Then f˜(F )(i) = f˜(G)(i) ∀i ≤ k + 1 and f˜(F ) ≡ f˜(G) on
[0, k + 1] and thus, the image is unique.
It is obviously rooted and ontinuous, and learly, fˆ−1(B(w, k)) ⊂ B(v, tk+1),
and then, metrially proper.
It is lear that the eletion of tk may aet to the indued map. From
another sequene (t′k)k∈N in the same onditions, we will indue another map
fˆ ′ between the trees but if we onsider H the shortest path homotopy (2.15)
of fˆ to fˆ ′, sine fˆ(F (tk)) = fˆ ′(F (t
′
k)) = G(k−1), H(T\B(v,max{tk, t
′
k})) ⊂
T ′\B(w, k−1) whih is equivalent toH−1(B(w, k−1)) ⊂ B(v,max{tk, t
′
k})×
I. Hene, there is a metrially proper homotopy between the indued maps
fˆ , fˆ ′ and from a morphism in Tower-Set we indue a unique metrially
proper homotopy lass [fˆ ]mp of rooted ontinuous metrially proper maps
between the trees.
Proposition 4.2.1. The map fˆ is non-expasive (Lipshitz of onstant 1).
Proof. If x, x′ are in the same branh x = F (t), x′ = F (t′) then it is lear
that d(x, x′) ≥ d(fˆ(x), fˆ(x′)) sine intervals with length tn+1 − tn ≥ 1 are
sent linearly to intervals of length 1.
If x, x′ are not in the same branh x = F (t), y = G(t′) then let t0 =
sup{t|F (t) = G(t)} and y = F (t0) = G(t0). d(x, x
′) = d(x, y) + d(y, x′) ≥
d(fˆ(x), fˆ(y)) + d(fˆ(y), fˆ(x′)) ≥ d(fˆ(x), fˆ(x′)).
Sine fˆ is metrially proper and non-expansive it is obvious that
Corollary 4.2.2. The map fˆ is oarse.
5 The funtors
Remember that Tower-Set is the ategory of inverse sequenes in Set at-
egory with equivalene lasses of morphisms of sequenes, and let T ∗ be the
ategory of rooted simpliial trees and metrially proper homotopy lasses
of metrially proper maps between trees.
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Denition 5.1. Let ξ : Tower-Set → T ∗ be suh that ξ(X) = TX for any
inverse sequene and ξ(f) = [fˆ ]mp for any morphism of sequenes.
Proposition 5.2. ξ is a funtor.
Proof. ξ is well dened. If f ∼ g, then ξ(f) ≃mp ξ(g). Suppose (f,Φ) ∼
(g,Ψ). Then ∀n ∃mn > Φ(n),Ψ(n) suh that fn ◦ pΦ(n)mn = gn ◦ pΨ(n)mn .
We an assume mn > tn(Φ), t
′
n(Ψ),mn−1.
For any sequene x = (x1, · · · , xmn) with pimn(xmn) = xi ∀i < mn, the
sequenes (f1(xΦ(1)), · · · , fn(xΦ(n))) ⊂ f(x) and (g1(xΨ(1)), · · · , gn(xΨ(n))) ⊂
g(x) are suh that fn(xΦ(n)) = fn(pΦ(n)mn(xmn)) = gn(pΨ(n)mn(xmn)) =
gn(xΨ(n)). Hene, for any branh F suh that F (i) = xi ∀i ≤ mn, then
f˜(F )(i) = fi(xΦ(i)) = gi(xΦ(i)) = g˜(F )(i) ∀i ≤ n and f˜(F ) ≡ g˜(F ) on [0, n].
Thus, and sine ∀t > mn fˆ(F (t)), gˆ(F (t)) ⊂ TY \B(w,n), if we onsider
the shortest path homotopy H : TX × I → TY of fˆ to gˆ, it is immediate to
see that ∀n ∈ N Ht(T\B(v,mn)) ⊂ T
′\B(w,n) ∀t, whih is equivalent to




) = idT ∗ . If we onsider the representative of the identity
whih is a level morphism and the identity at eah level, the indued mor-
phism between the trees if we assume tk = Φ(k + 1) = k + 1 sends eah
point F (t), with F any branh of T ∗ and t ≤ 2, to w and F (t) with t > 2 to
F (t − 2). Clearly, there is a metrially proper homotopy of the identity to
this ontration.
ξ(g ◦ f) = ξ(g) ◦ ξ(f). Let (f,Φ) : X → Y and (g,Ψ) : Y → Z two
morphisms between inverse sequenes. First onsider ℵ = Φ ◦ Ψ and h =
g ◦ f . To onstrut ξ(f) and ξ(g) we dene the sequenes (sn)n∈N and
(rn)n∈N respetively, satisfying ondition (1). For ξ(g ◦ f), we dene this
sequene (tn)n∈N to be tn = rsn+1+1 (note that (1) would be satised in
(g ◦ f,ℵ) for any tn ≥ rsn). Then, any branh F given by a sequene
of verties (x1, · · · , xn) with tk ≤ n ≤ tk+1 is sent to a branh G whose
k+1 rst verties are (w, h1(xℵ(1)), · · · , hk(xℵ(k))), and if t ∈ [tk, tk+1] then
hˆ(F (t)) ∈ G[k − 1, k]. If we onsider ξ(g) ◦ ξ(f) then we an assume that
the branh F is sent to the same branh G, note that the rst k + 1 ver-
ties of G are (w, g1(fΨ(1)(xΦ(Ψ(1)))), · · · , gk(fΨ(k)(xΦ(Ψ(k))))), and also ∀t ∈
[rsk+1+1, rsk+2+1] = [tk, tk+1] then gˆ(fˆ(F (t))) ⊂ G[k − 1, k]. Hene, the in-
dued map hˆ doesn't need to oinide exatly with gˆ◦ fˆ , but both send inter-
vals [tk, tk+1] to intervals [k−1, k] and oinide on the verties at levels tk all
beause of the eletion of (tn)n∈N. This obviously implies the existene of a
metrially proper homotopy between them and thus ξ(g◦f) = ξ(g)◦ξ(f).
Denition 5.3. Let η : T ∗ → Tower-Set be suh that for any rooted tree
(T, v), η(T, v) = (Cn, pn,N) and for any rooted ontinuous metrially proper
map f , η(f) = f the equivalene lass of (fn,Φf ).
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Proposition 5.4. η is a funtor.
Proof. η is well dened. If f ≃mp f
′
then (fn,Φf ) ∼ (f
′
n,Φf ′). Let H :
T × I → T ′ be a rooted metrially proper homotopy of f to f ′. Then ∀n ∃m
suh that H−1(B(w,n)) ⊂ B(v,m) × I and learly, ∀k > m,Φf (n),Φf ′(n)
fn ◦ pΦf (n)k = f
′
n ◦ pΦf ′(n)k and hene, (fn,Φf ) ∼ (f
′
n,Φf ′).
It is immediate to see that η(idT ∗) = id
Tower-Set
.
η(g ◦ f) = η(g) ◦ η(f). Consider f : (T, u) → (T ′, v) and g : (T ′, v) →
(T ′′, w). Let (sn)n∈N be an inreasing sequene of integers suh that g
−1(B(w,n)) ⊂
B(v, sn). Let (rn)n∈N an inreasing sequene of integers suh that f
−1(B(v, n)) ⊂
B(v, rn). We an now dene the sequene (tn)n∈N suh that (g◦f)
−1B(w,n) ⊂
B(u, tn) as tn = rsn . Hene Φg◦f = Φg ◦Φf and (g ◦ f)n = gtn ◦ fn and thus
η(g ◦ f) = η(g) ◦ η(f).
6 Equivalene of ategories
Reall the following lemma in [10℄:
Lemma 6.1. Let S : A → C be a funtor between two ategories. S is
an equivalene of ategories if and only if is full, faithful and eah objet
c ∈ C is isomorphi to S(a) for some objet a ∈ A.
Theorem 6.2. η is an equivalene of ategories.
Proof. η is full. Let f be a lass of morphisms in Tower-Set. Consider the
representative (fn,Φ) suh that qn ◦ fn+1 = fn ◦ pΦ(n)Φ(n+1). This allows
us, in the onstrution of ξ((fn,Φ)), to assume tn = Φ(n + 1). Hene the
map fˆ = ξ((fn,Φ)) between the trees would be fˆ(F (t)) = w if t ≤ Φ(2)
and fˆ(F (t)) = f˜(F )(n − 1 + t−Φ(n+1)Φ(n+2)−Φ(n+1) ) if t ∈ [Φ(n + 1),Φ(n + 2)],
where f˜ is the indued map between the branhes as in 4.2. It sues to
hek that η(fˆ) = (f ′n,Ψ) ∼ (fn,Φ). Clearly, Ψ(n) = Φ(n + 2) and if we
assume in the onstrution of η(fˆ) that t′n = Ψ(n), then f
′
n = qnn+2 ◦fn+2 =
fn ◦ pΦ(n)Φ(n+2), and obviously, (f
′
n,Ψ) ∼ (fn,Φ).
η is faithful. If η(f) ∼ η(g) then f ≃mp g. This is an immediate on-
sequene if we see that for any rooted ontinuous metrially proper map
f : (T, v) → (T ′, w), ξ ◦ η(f) ≃mp f . ξ ◦ η(f) := fˆ is a rooted ontin-
uous metrially proper map and let H be the shortest path homotopy of
f to fˆ . Let η(f) := (fn,Φ) where Φ(n) = tn and fn : Ctn → C
′
n are
dened as in setion 4. If f˜ is the indued map between the branhes
(whih we an assume to be the same for f and fˆ sine for any branh
F of (T, v), fˆ(F ) ⊂ f(F )), the map ξ(η(f)) = ξ((fn,Φ)) = fˆ sends F (t)
to w if t ≤ Φ(2) and if t ∈ [Φ(n),Φ(n + 1)], with n ≥ 2, fˆ(F (t)) =
f˜(F )(n − 2 + t−Φ(n)Φ(n+1)−Φ(n) ). It is lear, beause of the eletion of tn = Φ(n),
that also f(F (Φ(n))) ⊂ T ′
f˜(F )(n−2)
for t ∈ [Φ(n),Φ(n + 1)] and hene, the
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shortest path between f(F (t)) and fˆ(F (t)) is ontained in T ′
f˜(F )(n−2)
. Then
H−1(B(w,n − 2)) ⊂ B(v,Φ(n)) ∀n ∈ N and H is metrially proper.
Finally, for every inverse sequene X = (Xn, pn,N) it is immediate that
TX is suh that Cn = ∂B(v, n) = Xn and η(TX) = X .
By 2.18 and 2.19 (also see 4.2.1) we obtain the following orollaries.
Corollary 6.3. There is an equivalene of ategories between Tower-Set
and the ategory of rooted simpliial trees with rooted metrially proper non-
expansive homotopy lasses of rooted metrially proper non-expansive maps.
Corollary 6.4. There is an equivalene of ategories between Tower-Set
and the ategory of rooted simpliial trees with rooted oarse homotopy lasses
of rooted ontinuous oarse maps.
7 Mittag-Leer property from the point of view of
Serre's equivalene
We give the denition of Mittag-Leer property from [12℄ restrited to the
partiular ase when the index set is N.
Denition 7.1. Let X= (Xn, pn,N) be an inverse sequene in Tower-C.
We say that X is Mittag-Leer (ML) if ∀n0 ∈ N ∃n1 > n0 suh that
∀n > n1, pn0 ◦ · · · ◦ pn−2 ◦ pn−1(Xn) = pn0 ◦ · · · ◦ pn1−2 ◦ pn1−1(Xn1).
Remark 7.2. Note that this denition doesn't depend on the ategory C. In
fat X is (ML) if and only if is (ML) as inverse sequene in Tower-Set.
Denition 7.3. We say that α ∈ Xn0 is extendable to n1 if there exist some
β ∈ Xn1 suh that pn0 ◦ · · · ◦ pn1−2 ◦ pn1−1(β) = α.
Remark 7.4. In TX this means that the path whih onnets α with the root
extends to a branh of length n1 in the tree. Note that this extended branh
onnets the root with an element β ∈ Xn1 .
The Mittag-Leer property may be reformulated as follows:
Denition 7.5. The inverse sequene (Xn, pn,N) is (ML) if ∀n0 ∃n1 > n0
suh that ∀α ∈ Xn0 extendable to n1, then α is extendable to n ∀n > n1.
Remark 7.6. In TX this means that for eah level n0 there exist some level
n1 suh that for every α ∈ Xn0 whose path onneting it to the root extends
to a branh of length n1, then ∀n > n1 that path an be extended to some
branh of length n.
Proposition 7.7. Let X = (Xn, pn,N) be an inverse sequene and TX the
orrespondent tree. If X is (ML), then for eah level n0, there is a level
n1 > n0 suh that for any point α ∈ Xn0 extendable to n1, the path in TX
whih onnets the root with the vertex α is geodesially omplete.
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Proof. (ML) means, see remark 7.6, that for eah level n0 there is a level
n1 > n0 suh that for any vertex α ∈ Xn0 extendable to n1, the path of the
tree whih onnets the root with the vertex α extends to a path of length
n ∀n > n1. To see that the path extends to a geodesially omplete branh
of the tree we proeed by indution. First we extend it to level n0 + 1 this
way.
Sine the inverse sequene is (ML), we apply this property at level n0+1.
Hene, there exist some N1 > n0+1 suh that any β ∈ Xn0+1 extendable to
N1 is extendable to N , ∀N > N1 (see denition 7.5). There is no problem
to assume N1 > n1. If we apply (ML) to level n0, it is lear that also α is
extendable to N ∀N > N1. This implies that there exist some γ ∈ XN suh
that pn0◦· · ·◦pN−2◦pN−1(γ) = α, and that α
′ := pn0+1◦· · ·◦pN−2◦pN−1(γ) ∈
Xn0+1 is extendable to N1. This allows us to repeat the indution argument,
and hene, the path is geodesially omplete.
It is immediate to see the following:
Remark 7.8. A tree is geodesially omplete if and only if all the bonding
maps of the indued inverse sequene are surjetive.
Therefore, the maximal geodesially omplete subtree is the maximal
subtree suh that all the bonding maps of its inverse sequene are surjetive.
In [12℄ we an nd the following theorem at [II.§6.2] referred to inverse
systems.
Proposition 7.9. X is (ML) if and only if it is isomorphi to an inverse
sequene with surjetive bonding maps.
With this, and by theorem 6.2 we an give the following:
Proposition 7.10. X is (ML) if and only if there is a rooted metrially
proper homotopy equivalene between TX and its maximal geodesially om-
plete subtree T∞. Moreover the homotopy an be hosen to be a deformation
retrat.
Proof. Suppose X is (ML). By 7.7, for eah level n, there is a level tn > n
suh that for any point α ∈ Xn extendable to tn, the path in TX whih
onnets the root with the vertex α is geodesially omplete.
Let T∞ the maximal geodesially omplete subtree. For eah point x ∈
TX let yx ∈ T∞ be suh that d(x, T∞) = d(x, yx) and jx : [0, d(x, T∞)] →
[x, yx] the isometry from the subinterval in R to the unique ar between x
and yx. Thus, let H : TX × I → TX suh that H(x, t) = jx(t · d(x, T∞)).
Clearly H is an homotopy suh that H0 = id and H1 = r : TX → T∞ with
H(x, t) = x ∀t ∈ I ∀x ∈ T∞ (T∞ is a deformation retrat of TX , by 2.12,
sine the metri of a simpliial tree is proper when we onsider the edges of
length 1).
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This homotopy H is metrially proper. For every nite branh F with
length m ≥ tn there is a geodesially omplete branh extending the sub-
branh of length n and hene the homotopy H sends the points on TF (tn) to
TF (n) and hene H
−1(B(w,n)) ⊂ B(v, tn).
Conversely, this equivalene implies that the inverse sequene is isomor-
phi to the inverse sequene indued by the geodesially omplete subtree,
whose bonding maps are obviously surjetive.
If we onsider two inverse sequenes to be related if and only if they are
isomorphi and the orrespondent equivalene of maps as Marde²i¢ and Segal
do to dene the shape ategory in [12℄ I §2.3 we get the following result:
Proposition 7.11. There is an equivalene of ategories between lasses of
(ML) inverse sequenes with lasses of morphisms between them and isomor-
phism lasses of rooted (simpliial) geodesially omplete trees with lasses
of metrially proper homotopy lasses of rooted ontinuous metrially proper
maps.
The ondition on the trees of being simpliial may be omitted by the
following proposition.
Proposition 7.12. For every rooted R-tree (T, v) there is a simpliial rooted
tree (T ′, w) suh that (T, v) ≃L (T
′, w). Moreover there is a bi-Lipshitz
homeomorphism between end(T, v) and end(T ′, w).
Proof. Let (T, v) be an R-tree. Let Cn := ∂B(v, n) and pn : Cn+1 → Cn
with pn(cn+1) = cn if and only if cn ∈ [v, cn+1]. C = (Cn, pn,N) is an inverse
sequene. Let (TC , w) the indued rooted simpliial tree. Then there is a
rooted metrially proper non-expansive homotopy equivalene.
Let f : (TC , w)→ (T, v) be suh that f(w) = v, f(cn) = cn and for eah
edge f([cn, cn+1]) = [cn, cn+1] the isometri embedding. The map f is well
dened, rooted, ontinuous, metrially proper and non-expansive.
For eah branh F of (T, v) there is a branh g˜(F ) on (TC , v) whose
verties are F (n) with n ∈ N (n = 1, · · · , k if F is nite). To dene g :
(T, v) → (TC , w) let g(B(v, 1)) = w and g(F (t)) = g˜(F )(t − 1) if t > 1.
The map g is well dened, rooted ontinuous metrially proper and non-
expansive.
Both g ◦ f and f ◦ g send any point F (t) to F (t− 1) if t > 1. Hene both
are rooted metrially proper non-expansive homotopi to the identity (the
shortest path homotopy is non-expansive at eah level).
If we onsider the indued map f˜ : end(T ′, w)→ end(T, v) it is learly a
bijetion. It is also immediate to see that ∀F,G ∈ end(T ′, w) there is some
n0 ∈ N suh that d(F,G) = e
−n0
. This means that F (n) = G(n) ∀n ≤ n0
and F (n0 + 1) 6= G(n0 + 1). It is lear from the onstrution of T
′
that
f˜(F )(n0) = f˜(G)(n0) and f˜(F )(n0 + 1) 6= f˜(G)(n0 + 1). Hene e
−n0−1 <
d(f˜(F ), f˜(G)) ≤ e−n0 and thus 1
e
d(F,G) < d(f˜(F ), f˜(G)) ≤ d(F,G).
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This result, with 2.17 yields
Corollary 7.13. For any omplete ultrametri spae of diameter ≤ 1 (X, d),
there is a simpliial rooted tree (T, v) suh that end(T, v) is bi-Lipshitz
homeomorphi to (X, d).
In partiular, let us onsider the ategory U∗ whose objets are uniformly
homeomorphi lasses of omplete ultrametri spaes of diameter ≤ 1 and
whose morphisms are lasses of uniformly ontinuous maps, where two uni-











with i,j uniform homeomorphisms.
Similarly, let S∗ be the ategory whose objets are metrially proper
homotopy lasses of (ML) rooted simpliial trees and whose morphisms are











with i,j rooted metrially proper homotopy equivalenes.
Then, by 7.11, we an state:




ML is the ategory whose objets are isomorphi
lasses of (ML) inverse sequenes and whose morphisms are lasses of mor-











with i,j isomorphisms in Tower-Set.





Corollary 7.16. The shape morphisms in the sense of Marde²i¢-Segal bet-
ween (ML) inverse sequenes an be represented by lasses of uniformly on-
tinuous maps between bounded ultrametri spaes.
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8 Level morphisms and simpliial maps
In the partiular ase of level morphisms between inverse sequenes we will
see that we an indue a map between the trees whih is simpliial, preserves
the distane from the root and is in the same lass of the map obtained with
the funtor ξ dened in 5.1.
Denition 8.1. (fn,Φ) : (Xn, pn,N) → (Yn, qn,N) is a level morphism of
sequenes if Φ : N→ N is the identity and ∀n ∈ N fn ◦ pn = qn ◦ fn+1.
Proposition 8.2. A level morphism (fn,Φ) : X → Y indues a rooted sim-
pliial map f : TX → TY whih preserves the distane to the root. Moreover
this simpliial map is in the same lass of the metrially proper map indued
between the trees by the funtor.
Proof. Let f(v) = w. Sine fn : Xn → Yn send verties to verties ∀n ∈ N
and ∀xn ∈ Xn let f(xn) := fn(xn). An edge in TX is a pair [xn, xn+1]
with xn ∈ Xn, xn+1 ∈ Xn+1 and pn(xn+1) = xn and its image f([xn, xn+1])
will be [fn(xn), fn+1(xn+1)] whih is an edge in TY sine qn(fn+1(xn+1)) =
fn(pn(xn+1)) = fn(xn).
To onstrut the metrially proper map ξ(f) we an suppose tn := n +
1 and hene ∀t ≥ 2, fˆ sends F (t) = f˜(F )(t − 2) and ∀n ≥ 2 fˆ(xn) =
qn−1(qn(fn(xn))). Thus, the equivalene between the maps is obvious.
By [12℄ I §1.3:
Proposition 8.3. Let (fn,Φ) : X → Y be any representant of any morphism
in Tower-C. Then there exist inverse sequenes X ′ and Y ′, isomorphisms
i : X → X ′, j : Y → Y ′ in Tower-C and (f ′n, id) a level morphism suh that
j ◦ (fn,Φ) = (f
′
n, id) ◦ i : X → Y
′
.
Hene if we onsider the ategory Tower-Set
∗
of equivalene lasses of
isomorphi inverse sequenes and the orrespondent lasses of morphisms
(see [12℄) then in every lass (in partiular, for any shape morphism) there is
a representative whih is a level morphism. Hene, in the equivalent ategory
of lasses of simpliial rooted trees, in every lass of morphisms there is a
simpliial map preserving the distane to the root. Hene we an redue
this ategory to isomorphi lasses of simpliial rooted trees and lasses of
simpliial maps preserving the distane to the root.
Proposition 8.4. There is an equivalene of ategories between Tower-
Set
∗
and the ategory of isomorphi lasses of rooted simpliial trees with
metrially proper homotopy lasses of simpliial maps preserving the distane
to the root.
Remark 8.5. Any shape morphism in Tower-Set an be represented by a
simpliial map between rooted simpliial trees preserving the distane to the
root.
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Pro-groups In this setion we study some lassi results in pro-groups
whih appear in [12℄, in terms of Rtrees. We obtain alternative proofs,
in geometri terms and in some ase, signiantly dierent, of some of the
results.
Lemma 8.6. If (Gn, pn) is an inverse sequene in Tower-Grp, with Grp
the ategory of groups and homomorphisms, we onsider the disrete topology
at eah Gn, then G = lim
←
(Gn) with the inverse limit topology is a omplete
ultrametri topologial group. Moreover translations and inverse are isome-
tries.
Proof. This inverse limit topology, the indued topology as a subspae or
Π
n∈N
Gn, if we onsider the disrete topology at eah Gn oinides with the
ultrametri topology as end spae of the orrespondent tree of the inverse
sequene in Tower-Grp.
In this inverse limit, translations and inverse are isometries. Let g :=
(gn)n∈N, h := (hn)n∈N ∈ G suh that d(g, h) = e
−n0
, this is gn = hn∀n ≤ n0
and gn0+1 6= hn0+1. Let k := (kn)n∈N ∈ G and the translation G→ G given
by x := (xn)n∈N → k · x = (kn · xn)n∈N. Clearly, kn · gn = kn · hn ∀n ≤ n0
and kn0+1 · gn0+1 6= kn0+1 · hn0+1 and thus d(k · g, k · h) = e
−n0
.
Similarly g−1n = h
−1
n ∀n ≤ n0 and g
−1
n0+1
6= h−1n0+1 and hene d(g
−1, h−1) =
d(g, h).
Lemma 8.7. If (Gn, pn) and (Hn, qn) are inverse sequenes in Tower-Grp
with the disrete topology at eah level, G = lim
←
(Gn) and H = lim
←
(Hn) with
the inverse limit topology and f : G→ H is ontinuous then, f is uniformly
ontinuous.
Proof. Sine it is ontinuous at 0G, ∀ǫ > 0 there exists δ > 0 suh that
∀g ∈ G with d(g, 0G) < δ then d(f(g), 0H ) < ǫ.
Let h, h′ ∈ G suh that d(h, h′) < δ. Then, sine translations are isome-
tries, d(h′−1 · h, 0G) < δ and hene d(f(h
′−1 · h), 0H) < ǫ, and d(f(h
′−1 ·
h), 0H ) = d(f(h
′)−1 · f(h), 0H) = d(f(h), f(h
′)) < ǫ.
By 7.7
Lemma 8.8. If (Gn, pn) is a (ML) inverse sequene in Tower-Grp, G =
lim
←
(Gn) and πn : G → Gn the natural projetion then every n admits some
m > n suh that pnm(Gm) = πn(G).
Proposition 8.9. If (Gn, pn) is a (ML) inverse sequene in Tower-Grp,
G = lim
←
(Gn) and πn : G → Gn the natural projetion then (Gn, pn) ≈
(πn(G), pn|) are isomorphi in Tower-Grp.
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Proof. Let in : πn(G) → Gn the natural inlusion, whih is obviously an
homomorphism. (in) is a level morphism in Tower-Grp. To dene (fn,Φ) :
(Gn, pn) → (πn(G), pn|) onsider for eah n the (ML) index m > n and
dene Φ(n) = m, then by 8.8 pnm(Gm) = πn(G) and hene we an dene
fn := pnm : Gm → πn(G). It is lear that (fn)◦(in) ∼ id(Gn) and (in)◦(fn) ∼
id(πn(G)).
A morphism f : X → Y in an arbitrary ategory C is a monomorphism
provided f ◦ g = f ◦ g′ implies g = g′ for any morphism g, g′ : X ′ → X.
Similarly, f : X → Y is an epimorphism provided g ◦ f = g′ ◦ f implies
g = g′ for any morphism g, g′ : Y → Y ′. The following haraterizations
of monomorphism and epimorphism of pro-groups are in [12℄ and we adapt
them to the partiular ase of inverse sequenes of groups.
Lemma 8.10. Let G = (Gn, pn) and H = (Hn, qn) be inverse sequenes
of groups and let f : G → H a morphism in Tower-Grp given by a level
morphism (fn). f is a monomorphism if and only if the following ondition
holds:
(M) For every n there exists a m ≥ n suh that
Ker(fm) ⊂ Ker(pnm)
Lemma 8.11. Let G = (Gn, pn) and H = (Hn, qn) be inverse sequenes
of groups and let f : G → H a morphism in Tower-Grp given by a level
morphism (fn). f is an epimorphism if and only if the following ondition
holds:
(E) For every n there exists a m ≥ n suh that
Im(qnm) ⊂ Im(fn)
It is also proved in [12℄ the following
Proposition 8.12. Let f : G → H a morphism in Tower-Grp. f is an
isomorphism in Tower-Grp if and only if it is a monomorphism and an
epimorphism.
Proposition 8.13. Let (fn) : G → H be a level morphism of inverse se-





(H). If f˜ is open and G has (ML) property, then the indued morphism
f : G→ H is a monomorphism in Tower-Grp.
Proof. Sine f˜ is a bijetive open map then ∀ǫ > 0 there exists δ > 0 suh
that if d(f˜(g), 0H ) < δ then d(g, 0G) < ǫ. The metri in the inverse limit
is the ultrametri as end spae of a tree. Thus, for g = (gn)n∈N ∈ G,




We want to hek (M) for (fn). For every n0 let ǫ = e
−n0
. Let δ > 0
with the ondition above and onsider m0 > −ln(δ). Sine (Gn, pn) is (ML)
onsider m1 > m0 suh that pm0m1(Gm1) = πm0(G) (see 8.8).
If xm1 ∈ Ker(fm1), pm0m1(xm1) ∈ Ker(fm0) sine (fn) is a level mor-
phism and the diagram ommutes.
Let g = (gn)n∈N ∈ G be suh that πm0(g) = gm0 = pm0m1(xm1). Sine
(fn) is a level morphism gn ∈ Ker(fn) ∀n ≤ m0. Then fn(gn) = 0 ∀n ≤ m0
and d(f˜(g), 0H ) ≤ e
−m0 < δ. Hene d(g, 0G) ≤ ǫ = e
−n0
whih implies
that gn = 0 ∀n ≤ n0 where 0 = gn0 = pm0m1(xm1) and nally xm1 ∈
Ker(pm0m1).
Proposition 8.14. Let (fn) : G → H be a level morphism of inverse se-





surjetive. If H has (ML) property, then the indued morphism f : G → H
is an epimorphism in Tower-Grp.
Proof. We need to hek (E) for (fn). Let n0 ∈ N. Sine H is (ML) there
is some m0 > n0 suh that qn0m0(Hm0) = πm0(H). If ym0 ∈ Hm0 then
qn0m0(ym0) ∈ qn0m0(Hm0) = Im(qn0m0). Let h = (hn)n∈N ∈ H be suh that
πn0(h) = hn0 = pn0m0(ym0). Sine f˜ is surjetive there is some g = (gn)n∈N ∈
G suh that f˜(g) = h and this implies that fn(gn) = hn = πn(h) ∀n, and
hene hn0 = qn0m0(ym0) ⊂ fn0(Gn0) = Im(fn0).
We an reall the lassial result.
Proposition 8.15. If G and H are separable and ompletely metrizable
topologial groups and if h : G→ H is a surjetive ontinuous homomorphism
then h is open.
Lemma 8.16. Let (Gn, pn) be an inverse sequene in Tower-Grp. Then
G = lim
←
(G) is separable if and only if ∀n ∈ N πn(G) is ountable (with
πn : G→ Gn the natural projetion).
Proof. If πn(G) is ountable and we onsider for eah n and eah element
gn ∈ πn(G) an element g ∈ G suh that πn(g) = gn we have a ountable dense
subset. If there is some n with πn(G) not ountable, then {π
−1
n (gn)| gn ∈
πn(G)} denes an unountable partition of G, and hene, G is not separable.
As a orollary of this we an give the following theorem whih is almost
the same in [12℄ (II,§6.2 Theorem 12) where it is proved using an exat
sequene and the rst derived limit. Here we present a slightly stronger
version with a more diret and geometrial proof.
Theorem 8.17. Let (fn) : G→ H be a level morphism of inverse sequenes




(Hn). If G and
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H have the (ML) property and all πn(G) are ountable, then the indued
morphism f : G→ H is an isomorphism in Tower-Grp.
Proof. Sine f˜ is surjetive πn(H) is also ountable, and by lemma 8.16 G
and H are separable. Sine f˜ is the indued map between the limits by
a level morphism, it an be onsidered as the indued map between the
end spaes by a metrially proper map between the trees and hene it is
uniformly ontinuous with the indued ultrametri. Thus, by 8.15 it is open
and by propositions 8.13 and 8.14 the indued morphism in Tower-Grp
f is a monomorphism and an epimorphism, and hene (see 8.12) f is an
isomorphism in Tower-Grp.
9 Tree of shape morphisms
Up to this setion we have related ategories of inverse sequenes with at-
egories of simpliial trees and we have mentioned how this an be used to
desribe a shape morphism as a map between trees. In this last setion
we treat the spaes of shape morphisms between ompat onneted metri
spaes. We use the representation of the shape morphisms as approximative
maps sine the spaes of approximative maps an be given as the inverse limit
of an inverse sequene of maps. Thus, this inverse sequene orresponds to
a tree, the innite branhes will be the approximative maps (i.e. the shape
morphisms), and the ultrametri between these as end spae of a tree (2.7)
is equivalent, up to uniform homeomorphism, to the ultrametri desribed
by M. Morón and F. R. Ruiz del Portal in [15℄.
Inverse limits and approximative maps Let Y be a ompatum in the





← . . .
an inverse system suh that lim
←
Yk = Y with Yk ⊂ I
∞
prisms in the sense
of Borsuk [3℄ (Yk is homeomorphi to the artesian produt P × I
∞
with
P a ompat polyhedron) suh that Yk is a neighborhood of Y , Yk+1 ⊂ Yk
and pi the natural inlusion. Let X another ompatum and {fk}k∈N an
approximative map of X towards Y in the sense of Borsuk [4℄ with fk : X →
Yk.










Proposition 9.1. Given {fk}k∈N with fk : X → Yk an approximative map
then there exists {f ′k}k∈N with f
′





k in Yk ∀k ∈ N and {fk}k∈N ≃ {f
′
k}k∈N.
Proof. By denition of approximative map we know that ∀N ∃m(N) suh
that pt ◦ ft+1 ≃ ft in YN ∀t ≥ m(N).
For N1 = 1 there exists m1 suh that pt ◦ ft+1 ≃ ft in Y1 ∀t ≥ m1.
Dene gN1 := p1 ◦ p2 ◦ . . . ◦ pm1−1 ◦ fm1 : X → Y1. Now let N2 = m1 and
there exists m2 suh that pt ◦ ft+1 ≃ ft in YN2 ∀t ≥ m2. Then, dene
gN2 := pm1 ◦ pm1+1 ◦ . . . ◦ pm2−1 ◦ fm2 : X → YN2 . We an onstrut in this
way an inverse sequene {YNj}
YN1
pN2N1← YN2
pN3N2← . . .
with pNi+1Ni the natural inlusion (pNi+1Ni = pNi ◦pNi+1 ◦ . . . ◦pNi+1) whih
is equivalent to {Yk}k∈N sine {Nj}j∈N is onal in N.
Hene we have another approximative map from X towards Y, {gNi}i∈N
with gNi := pmi−1 ◦ pmi−1+1 ◦ . . . ◦ pmi−1 ◦ fmi : X → YNi . Clearly gNi ≃
pNiNi+1 ◦ gNi+1 in YNi ∀i.
Y1 YN2











X → Yi ∀Ni−1 < i < Ni. It is quite easy to see that it represents the same
shape morphism. Following Borsuk's approximation, for any neighborhood
V of Y there exists i0 suh that YNi ⊂ V ∀i ≥ i0, and it is immediate to
hek that {gi}i∈N ≃ {gNi}i∈N ≃ {fi}i∈N.
Hene, for every shape morphism there exists a representative whih is
an approximative map with the ondition above.
Let [X,Yk] the homotopy lasses of ontinuous maps from X to Yk. Sine
Yk is a prism, we an prove that card([X,Yk]) ≤ ℵ0. pk : Yk+1 → Yk indues
a map p∗k : [X,Yk+1]→ [X,Yk] and hene ([X,Yk], p
∗
k) is an inverse sequene
in Tower-Set. Clearly, an element in the inverse limit is an approximative
map. Then, in the orrespondent tree of this inverse sequene (TX,Y , v),
the geodesially omplete branhes are given by sequenes of verties that
represent approximative maps.
Proposition 9.2. There is a bijetion between the homotopy lasses of ap-
proximative maps from X to Y and the geodesially omplete branhes in
TX,Y .
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Proof. Clearly a geodesially omplete branh of the tree represents an ap-
proximative map and by proposition 9.1 eah lass of approximative maps
is represented by a geodesially omplete branh in TX,Y .
Let us reall that by T∞X,Y we denote the maximal geodesially omplete
subtree of TX,Y .
Proposition 9.3. Consider (Sh(X,Y),d) the spae of shape morphisms de-
ned in [15℄. Then, end(T∞X,Y ) is uniformly homeomorphi to (Sh(X,Y),d).
Proof. It is well known the bijetion between shape morphisms and homo-
topy lasses of approximative maps, see [12℄. Hene, by 9.2 we an assume
this bijetion between shape morphisms and branhes of T∞(X,Y ).
∀ǫ > 0 there exists n0 suh that Yk ⊂ B(Y,
ǫ
2 ) ∀k ≥ n0. Consider two
branhes of T∞(X,Y ) F and G suh that d˜(F,G) < δ = e
−n0
with the metri
d˜ of end(T∞(X,Y )). F and G represent two approximative maps {fk}k∈N and
{gk}k∈N suh that fk ≃ gk in Yk ∀k ≤ n0 and sine pk ◦ fk+1 ≃ fk in
Yk ∀k ∈ N we have that fk ≃ gk in Yn0 and, in partiular in B(Y,
ǫ
2) ∀k ≥
n0, and hene for the respetive shape morphisms f, g, d(f , g) < ǫ.
On the other way, ∀ǫ > 0 there exists n0 suh that e
−n < ǫ ∀n ≥ n0,
and sine Yn0 is a neighborhood of Y , there exists δ > 0 suh that B(Y, 2 ·
δ) ⊂ Yn0 . Consider two shape morphisms (represented by two approximative
maps) f, g suh that d(f , g) < δ ⇒ ∃n1 suh that fk ≃ gk in B(Y, 2 · δ),
and in partiular in Yn0 ∀k ≥ n1, and sine p
n0
k ◦ fk ≃ p
n0
k ◦ gk in Yn0
the orresponding branhes F,G oinide at least on [0, e−n0 ] and hene
d˜(F,G) < ǫ.
Remark 9.4. Note that this result is independent from the eletion of the
sequene of prisms Yk.
We tried to see if this homeomorphism ould hold some stronger ondition
as being bi-Lipshitz or bi-Hölder and it doesn't.
Example 9.5. Let X = {∗} a single point and Y = {1, 12 , . . . ,
1
2n , . . . , 0}.
The shape morphisms are represented by the maps
Sh(X,Y ) :=
{
αn suh that αn(∗) = {
1
2n },
α0 suh that α0(∗) = {0}
Clearly d(α0, αn) =
1
2n+1
and d(αn, αn+1) =
1
2n+2
in (Sh(X,Y ), d).
Now we an hoose an inverse system of ompat neighborhoods {Yk}k∈N
with Yk ⊂ Yk+1 and pk : Yk+1 → Yk the natural inlusion suh that
αi ≃ αj ( this is αi(∗) and αj(∗) are in the same path-omponent) in





























Thus, for any onstant C > 0 and 0 < l < 1 there exists k0 suh that ∀k > k0
C · (d˜(αk−1, αk))
l < C · (d˜(αk−1, αk))
1
k < k · (d˜(αk−1, αk))
1
k < d(αk−1, αk)
and hene, the uniform homeomorphism is not bi-Hölder.
Using these trees of shape morphisms we are able to obtain the next
result from [15℄ about how omposition indues uniformly ontinuous maps
between the spaes of shape morphisms.
Proposition 9.6. Let X,Y,Z be ompat metri spaes and F : X → Y
a shape morphism. If we build, using inverse sequenes of neighborhoods
totally ordered by inlusion with inverse limits X and Y , TZ,X and TZ,Y , and




Z,Y ) as F∗(α) = F ◦ α, then F∗ is uniformly
ontinuous.
Proof. Let X = X1 ← X2 ← · · · , Y = Y1 ← Y2 ← · · · and Z = Z1 ←
Z2 ← · · · inverse sequenes of neighborhoods onneted by inlusions suh
that X = lim
←
Xi, Y = lim
←
Yi and Z = lim
←
Zi. Let F ∈ Sh(X,Y ). Then
F will be represented by an approximative map f : X → Y . Let us see





k). Given f : X → Y , see Lemma 1, page 333 in [12℄, there exists a
fundamental sequene (Φn) : X → Y suh that for every k ∈ N, Φk|X = fk
and Φk′|Uk ≃ Φk|Uk in Yk, k
′ ≥ k for some neighborhood Uk of X. In
partiular, Φk(Uk) ⊂ Yk and there exists some level mk for whih Xmk ⊂ Uk.
Then, the map Φk∗ : [Z,Xmk ] → [Z, Yk] given by Φk∗(fk) = Φk ◦ fk is well
dened. We an assume that (mk) is inreasing and to hek that this indues









[Z, Yk] [Z, Yk+1]
i∗
oo
Let [fmk+1 ] ∈ [Z,Xmk+1 ] and onsider i∗ ◦ Φk+1 ◦ fmk+1 : Z → Yk. From
the denition of Φk we know that Φk|Xmk ≃ Φk+1|Xmk in Yk, therefore
i∗ ◦ Φk+1 ◦ fmk+1 ≃ Φk ◦ i∗ ◦ fmk+1 : Z → Yk and the diagram ommutes.
A morphism between inverse sequenes indues, see 6.2, a rooted ontin-
uous metrially proper map between the trees whih may be restrited to a
map with the same properties between the maximal geodesially omplete
subtrees. This map, an be translated with 2.17 to a uniformly ontinuous
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map between the end spaes, and those are the spaes of shape morphisms
with their ultrametris (with those depending, up to uniform homeomor-
phism, on the inverse sequenes initially hosen).
Inverse limits and Marde²i¢-Segal's approah to shape morphisms
Let X,Y two ompata. Marde²i¢ and Segal proved in [12℄ §5.2, see also [11℄,
that there are inverse sequenes in the homotopy ategory P of topologial









← · · · suh that X = lim
←
Xi, Y = lim
←
Yi and p : X → X,
q : Y → Y P-expansions. They also dened the shape morphisms between
X and Y as homotopy lasses of morphisms in pro-P between X and Y and
proved that those morphism an be given by homotopy lasses of morphism
in pro-Top, with Top the ategory of topologial spaes, between X and
Y. They also proved that if we restrit ourselves to the Hilbert ube, there
is an isomorphism of ategories between this ategory and Borsuk's Shape
ategory.
Homotopy lasses of morphism in pro-Top between X and Y an be
given as inverse limits of the inverse sequene ([X,Yk], qk∗). Thus, if we on-
sider TX,Y the tree of this inverse sequene, we have the following proposition.
(Obviously, it may be given as a orollary of 9.2 but it seems interesting to
inlude here a diret proof of this).
Proposition 9.7. There is a bijetion between the shape morphisms of X to
Y and the set of geodesially omplete branhes in TX,Y .
Proof. First we dene a funtion ξ from the geodesially omplete branhes of
the tree to the shape morphisms. A geodesially omplete branh of the tree
obviously represents a morphism f : X → Y, in pro-HTop (where HTop
is the homotopy ategory of topologial spaes), whih is a ommutative
diagram as follows.









Sine Yk is in P, let p : X → X be any P-expansion of X, see [12℄.
Thus, for any morphism f : X → Y in pro-T there exists a unique morphism
h : X→ Y in pro-P making ommutative the diagram.
X










This means that for any morphism f : X → Y in pro-HTop, this is
any geodesially omplete branh F of the tree, there is a unique homotopy
lass [h℄ of morphisms in pro-P making the diagram ommutative, this is, a
unique shape morphism H : X → Y . So we dene ξ(F ) = H.
ξ is injetive. Let F,F ′ be innite branhes and f, f ' : X → Y the
orresponding morphisms in pro-T and suppose that ξ(f) = H = [h℄ and
ξ(f ') = H ′ = [h'℄ are suh that h ∼ h'. This means that ∀n ∈ N there exists













Clearly hn ◦ pΦ(n)m ≃ h
′
n ◦ pΦ′(n)m implies that if we ompose with pm :
X → Xm of the P-expansion p we have that,
hn ◦ pΦ(n)m ◦ pm ≃ h
′
n ◦ pΦ′(n)m ◦ pm. (2)
Sine p is a morphism in pro-T pΦ(n)m◦pm ≃ pΦn and pΦ′(n)m◦pm ≃ pΦ′n and
by denition, h ◦ p ≃ f, this is, ∀n ∈ N, hn ◦ pΦ(n) ≃ fn and h
′
n ◦ pΦ(n) ≃ f
′
n.
Then we have that ∀n ∈ N
fn ≃ hn ◦ pΦ(n)m ◦ pm ≃ h
′
n ◦ pΦ′(n)m ◦ pm ≃ f
′
n. (3)
Hene f ∼ f ' and F = F ′.
ξ is surjetive. Consider any shape morphism between X and Y given by
a morphism in pro-P between the inverse sequenes, h : X → Y. Then if
we onsider f : X → Y dened by fk := pΦ(k) ◦ hΦ(k) : X → Yk and F the
orresponding branh then obviously f ∼ h ◦ p, and the uniqueness of [h℄ in
the P-expansion implies that H = [h℄ = ξ(F ).
Pointed shape. Let (X, ∗), (Y, ∗) two pointed metri ompata, then if P∗
is the ategory of spaes with the (pointed) homotopy type of pointed poly-
hedra, there are also dened in [12℄ pointed shape morphisms as (pointed)
homotopy lasses of morphisms in pro-P∗.
We an now dene in a similar way a tree TX∗,Y ∗ whose verties are
pointed homotopy lasses of maps from (X, ∗) to (Yn, ∗) (denoted [(X, ∗), (Yn, ∗)])
∀n ∈ N and joining them in a similar way. There is an edge joining [α] ∈
[(X, ∗), (Yk+1, ∗)] and [β] ∈ [(X, ∗), (Yk , ∗)] if and only if [pk ◦ α] ≃∗ [β] in
(Yk, ∗). A proof similar to the one given in the non-pointed ase establishes:
Proposition 9.8. There is a bijetion between the pointed shape morphisms
of (X, ∗) to (Y, ∗) and the set of geodesially omplete branhes in TX∗,Y ∗.
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If we onsider the rst shape group, the (pointed) morphisms from (S1, ∗)
to (Y, ∗)may be onsidered geodesially omplete branhes of the tree dened
over the inverse system Y∗ := (Y1, ∗)
q∗1← (Y2, ∗)
q∗2← · · · .
Now, as an example of this geometri point of view, let us analyze the
solenoid. It is well known that the rst shape group of the solenoid is trivial.
Let us reall here the onstrution.
Example 9.9. Consider a solenoid (Y, z0) whih is the inverse limit of the
following inverse system in pro-P∗. (Yn, z0) = (S
1, z0) ∀n ∈ N (with S
1 :=
{z ∈ C with ||z|| = 1} and z0 = 1) and the bonding (pointed) maps pn :
(Yn+1, z0)→ (Yn, z0) are dened by p(z) = z
2 ∀n ∈ N.
Eah level of verties of the tree, [(S1, z0), (Yn, z0)], has struture of
group. It is in fat the rst homotopy group of (Yn, z0) whih is isomor-
phi to (Z,+) (let hn : [(S
1, z0), (Yn, z0)] → (Z,+) be this isomorphism),
and the bonding maps pn learly indue endomorphisms fn in (Z,+) suh
that fn(1) = 2 and hene fn(z) = 2 · z.
This implies immediately that the rst shape group of the solenoid is
trivial. If we onsider the tree, TS , assoiated to this inverse sequene, the
trivial pointed shape morphism is represented by the geodesially omplete
branh whose vertex in eah [(S1, z0), (Yn, z0)] is the trivial map f(z) = z0
(hn(f) = 0 in (Z,+)).
Any geodesially omplete branh of the tree representing a non-trivial
pointed shape morphism from (S1, z0) to (Y, z0) would be determined by
a sequene of verties αn ∈ [(S
1, ∗), (Yn, ∗)] whih an be identied with a
sequene of integers (z1, z2, z3, . . .) with 0 6= zn = hn(αn). The bonding
maps impose the ondition that zn = fn(zn+1) = 2 · zn+1 but this leads to a
ontradition. There must be some k ∈ N suh that 2k doesn't divide z1 and
this ontradits the fat that z1 = f1◦f2◦. . .◦fk(zk+1) = 2
k ·zk+1. Thus, the
maximal geodesially omplete subtree onsists of a unique innite branh.
Nevertheless, there are arbitrarily long branhes in the tree TS , whih
means that the tree is not metrially proper homotopy equivalent to the
maximal geodesially omplete subtree. This orresponds, as we saw in 7.10,
to the sequene not being (ML), whih is one of the basi properties of this
sequene sine the solenoid is not movable.
Example 9.10. The same works for any solenoid dened with bonding
(pointed) maps pn : (Yn+1, z0) → (Yn, z0) dened by p(z) = z
pn
with pn
prime ∀n ∈ N.
In this ase the indued endomorphisms are suh that fk(1) = pk and
so fk(z) = pk · z. Any geodesially omplete branh F is represented by a
sequene of integers (z1, z2, z3, . . .) with 0 6= zn = hn(αn) and the bonding
maps impose the ondition that zn = fn(zn+1) = pn ·zn+1. Let z1 = p1 ·z2 =
p2 · p1 · z3 = . . . and sine z1 is a nite produt of primes there must be some
k ∈ N suh that zk = 1 and this ontradits the fat that zk = pk · zk+1.
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